and free in each degree; this means that j is an acyclic cofibration. Also, as θ is surjective we see that p is an epimorphism and thus a fibration.
Construction 7. Let f : A * → B * be a chain map. Define a graded group X * = X * (f ) by X * = A * ⊕ ΣI(A * ) ⊕ Σ 2 I 2 (A * ) ⊕ I(B * ) ⊕ ΣI(B * ).
We write a, α ′ , α ′′ , β and β ′ for typical elements of the groups A n , I(A n−1 ), I 2 (A n−2 ), I(B n ) and I 2 (B n−1 ). We define d X : X n → X n−1 by
We also define maps A * It is clear that i is injective, the cokernel of i is free in each degree, p is surjective, and pi = f .
Proposition 8. (X * , d X ) is a chain complex, and i and p are chain maps.
Proof. This is a straightforward check of definitions. We have
This shows that X * is a chain complex, and it is immediate that i is a chain map. We also have
This is easily seen to agree with dp, so p is also a chain map.
Proposition 9. The map p : X * → B * is a quasiisomorphism (and thus an acyclic fibration).
Proof. Put
Thus, for an element x = a + Σα ′ + Σ 2 α ′′ + β + Σβ ′ ∈ X n we have
x ∈ Z n ⇐⇒ a = 0, α ′ = 0, α ′′ = 0, θβ = 0
x ∈ Y n ⇐⇒ a = 0, θα ′ = 0, θβ = 0
x ∈ K n ⇐⇒ f a + θβ = 0.
Note that Z * ≤ Y * ≤ K * , and these are inclusions of subcomplexes. As p is surjective, it will suffice to prove that K * is acyclic. The complexes Z * and Y * /Z * are easily seen to be contractible, so it will suffice to show that the complex K * = K * /Y * is acyclic. Now put
Using the map (a + Σα ′ + Σ 2 α ′′ + β + Σβ ′ ) → (a + Σθ(α ′ ) + θ(β)) we can identify X * with X * /Y * , and thus K * with the kernel of p. Let C * be the cone on A * , so
. This is easily seen to be a chain map and a kernel for p, so K * is isomorphic to C * and is contractible.
Definition 10. In the case A * = 0 we write Γ(B) * for X * . Thus Γ(B) n = I(B n ) ⊕ I 2 (B n−1 ) with d(β + Σβ ′ ) = dβ + β ′ − Σdβ ′ , and Γ(B) * is free in each degree, and we have a surjective quasiisomorphism p : Γ(B) * → B * given by p(β + Σβ ′ ) = θ(β).
Remark 11. Another way to think about X * is as follows. Write j for the inclusion I 2 → I. We have maps of chain complexes
The composite of these maps is zero, so we can regard the above diagram as a double complex. The totalisation of this double complex is X * .
We now start to discuss lifting properties. It will be convenient to introduce some test objects:
Definition 12. Let M be an abelian group. We write Σ n M for the complex consisting of a copy of M in degree n. We also write C n M for the complex consisting of two copies of M in degrees n and n + 1, with the differential between them being the identity.
Remark 13. There are easy natural isomorphisms
There is a short exact sequence Σ n M → C n M → Σ n+1 M ; applying Ch(A * , −) to this gives the left exact sequence
Lemma 14. Let A * be a chain complex that is free in each degree. Then there exists a splitting A * = Y * ⊕ Z * of graded groups and injective maps d ′ : Y n → Z n−1 such that the differential is given by
Proof. Put Z n = ker(d : A n → A n−1 ) and B n = image(d : A n+1 → A n ), so B n ≤ Z n ≤ A n and therefore Z n and B n are free. We can therefore split the epimorphism d : A n → B n−1 and thus choose a subgroup Y n ≤ A n such that d : Y n → B n−1 is an isomorphism. If a ∈ A n we see that there is a unique y ∈ Y n with dy = da, which means that the element z = a − y lies in Z n . Using this we see that A n = Y n ⊕ Z n , and it is clear that the differential has the stated form. Now H * A is the cokernel of d ′ so A * is acyclic iff d ′ is an isomorphism, in which case A * is isomorphic to the cone on Z * and is contractible.
Proposition 15. The functor Ch(A * , −) converts acyclic fibrations to epimorphisms iff A * is free in each degree.
Proof. Suppose that Ch(A * , −) converts acyclic fibrations to epimorphisms. For any surjection f : M → N of abelian groups we have an acyclic fibration C n (f ) : C n M → C n N , so the map
is surjective. This means that A n is projective and thus free. Conversely, suppose that A n is free for all n, so we can split A * as Y * ⊕ Z * as in Lemma 14. We first claim that if K * is an acyclic complex and k : A * → K * is a chain map then k is nullhomotopic. To see this, put ZK n = ker(K n d − → K n−1 ); as K * is acyclic, the map d : K n+1 → ZK n is surjective. Now k gives a map Z n → ZK n and Z n is free so we can choose a lift t : Z n → K n+1 with dt = k. We now have a homomorphism Y n → ZK n given by y → k(y) − t(d ′ y), so we can choose a lift s :
We then put r(y + z) = s(y) + t(z) and observe that dr + rd = k as required.
Now consider an acyclic fibration q : L * → M * , so q is surjective and the kernel K * is acyclic. Let j : K * → L * be the inclusion. Suppose we have a chain map g : A * → M * . As A * is degreewise free and q is surjective we can choose a map h ′ : A * → L * of graded groups with qh ′ = g. For a ∈ A n put k(a) = Σ(dh ′ (a) − h ′ (da)) ∈ (ΣK) n . We have dk(a) = Σdh ′ d(a) = k(da), so k is a chain map A * → ΣK * . By the previous paragraph we can choose maps r n : A n → (ΣK) n+1 with dr + rd = k. We then have r(a) = Σr ′ (a) say, and −dr ′ + r ′ d = Σ −1 k. It follows that the map h = h ′ + r ′ : A * → L * is a chain map with qh = g, as required.
− → C * be a short exact sequence of chain complexes in which A * is acyclic, and C * is free in each degree. Then the sequence is split (in the category of chain complexes, not just in the underlying category of graded abelian groups).
Proof. Exactness means that p is surjective, and the kernel is A * which is acyclic by assumption, so p is an acyclic fibration. The Proposition tells us that the induced map Ch(C * , B * ) → Ch(C * , C * ) is surjective. In particular, 1 is in the image, so we can choose a chain map s : C * → B * with ps = 1, giving the required splitting.
Proposition 17. The functor Ch(A * , −) converts all fibrations to epimorphisms iff A * is contractible and free in each degree.
Proof. First suppose that Ch(A * , −) sends fibrations to epimorphisms. By the previous proposition, A * is free in each degree. The evident projection C n M → Σ n+1 M is a fibration, so the induced map
is surjective. This is just the map induced by d, so we see that the map d : A n+1 /dA n+2 → A n must be a split monomorphism. As A n is free it follows that A n+1 /dA n+2 is free so the projection A n+1 → A n+1 /dA n+2 must split. We can therefore find Y n+1 ≤ A n+1 such that A n+1 = dA n+2 ⊕ Y n+1 and d : Y n+1 → A n is a split monomorphism. This means that ker(d : A n+1 → A n ) = dA n+2 . After doing this for all n we get a splitting A * = Y * ⊕ dY * such that d : Y * → dY * is an isomorphism. In other words, A * is contractible.
Conversely, suppose we start with the assumption that A * is degreewise free and contractible. We then have A * = Y * ⊕ Z * , with the differential given by an isomorphism Y n → Z n−1 . This gives an isomorphism Ch(A * , L * ) = Ab * (Y * , L * ) and Y * is projective in Ab * so this functor preserves epimorphisms, as required. 
we let H(f, g) denote the set of maps h : B − → L such that qh = g and hi = f . Then there is a naturally defined extension K − → T (f, g) − → C such that splittings of T (f, g) biject with H(f, g). In particular, if Ext 1 A (C, K) = 0, then H(f, g) is always nonempty, so i has the left lifting property with respect to q.
Proof. Consider the following diagram:
Each column can be regarded as a complex, so the whole diagram is a short exact sequence of complexes, leading to a long exact sequence of homology groups. This long exact sequence has only three nonzero terms, so it gives a short exact sequence of the form
is the unique homology group of the middle column.
If h ∈ H(f, g), then consider the following diagram:
The columns are the same complexes as before, and the horizontal maps give a splitting of our previous short exact sequence of complexes, and so induce a splitting of the homology group T .
For the opposite correspondence, we need more information about T . Let Z be the corresponding group of cycles, which is the kernel of the map (−g, q) : B ⊕ L − → M , or in other words, the pullback of q and g. We name the maps in the pullback square as follows:
Thusg andq are just the projections B ⊕ L − → L and B ⊕ L − → B, restricted to Z.
The differential in our complex is the mapĩ := (i, f ) : A − → Z, so T is by definition the cokernel ofĩ; we writep : Z − → T for the quotient map. We writek := (0, j) : K − → Z. One checks that the following diagram commutes:
We also see (by inspection of definitions and diagram chasing) that all rows and columns are exact, and that the bottom right square is a pullback. Now suppose we are given a splitting of the sequence K k − → T r − → C, given by a map n : C − → T with rn = 1. By the pullback property, there is a unique mapñ : B − → Z withqñ = 1 B andpñ = np : B − → T . We claim that the map h :=gñ : B − → L lies in H(f, g). Indeed, we first have qh = qgñ = gqñ = g. Next, one checks thatp(ĩ −ñi) = 0 andq(ĩ −ñi) = 0 so the pullback property tells us thatñi =ĩ : A − → Z. This gives hi =gĩ = f as required.
We leave it to the reader to check that the above constructions are mutually inverse.
Proposition 19. A map i : A * → B * has the left lifting property with respect to acyclic fibrations iff i is a cofibration.
Proof. First suppose that i has the lifting property. We apply this to the acyclic fibration C n M → 0, remembering that Ch(A * , C n M ) = Hom(A n , M ). We see that for every map u : A n → M there exists v : B n → M with vi = u. By taking u to be the identity map, we see that i is a degreewise split monomorphism, with cokernel C * say. The map 0 → C * is a pushout of i, so it has left lifting for acyclic fibrations, which means precisely that Ch(C * , −) sends acyclic fibrations to epimorphisms. Thus, Proposition 15 tells us that C * is degreewise free, so i is a cofibration. Conversely, suppose that i is a cofibration, with cokernel C * say. Let q : L * → M * be an acyclic fibration, so q is surjective and the kernel K * is acyclic. By Proposition 18, it will suffice to show that every short exact sequence K * → T * → C * is split, but this follows directly from Corollary 16.
Proposition 20. A map i : A * → B * has the left lifting property with respect to all fibrations iff i is an acyclic cofibration.
Proof. First suppose that i has the lifting property. The previous result tells us that i is a cofibration, with cokernel C * say. The map 0 → C * is a pushout of i and so again has the lifting property, which means (by Proposition 17) that C * is contractible, so i is an acyclic cofibration.
Conversely, suppose that i is an acyclic cofibration, and again write C * for the cokernel. We see from Proposition 17 that every short exact sequence K * → T * → C * is split, and it follows using Proposition 18 that i has left lifting for all fibrations.
Corollary 21. Ch is a model category.
Proof. It is clear that Ch has finite limits and colimits, that the classes of fibrations, cofibrations and weak equivalences are closed under retracts, and that the weak equivalences satisfy the two-out-of-three condition. Functorial factorisations are provided by constructions 5 and 7. The lifting axioms are satisfied by Proposition 19 and 20.
Definition 22. Let i n denote the map 0 → C n Z, and let j n denote the evident inclusion Σ n Z → C n Z. Put I = {i n | n ∈ Z} and J = {j n | n ∈ Z}.
Proposition 23. A morphism f : A → B in Ch is a fibration iff it has the right lifting property with respect to I. Similarly, f is an acyclic fibration iff it has the right lifting property with respect to I ∪ J . This, the model structure on Ch is cofibrantly generated (as in [1, Section 2.1.3]).
Proof. From Remark 13 we get Ch(C n Z, A) = A n+1 . It follows that f has the RLP with respect to i n iff f n+1 : A n+1 → B n+1 is surjective, and thus that f has the RLP with respect to I iff f is surjective iff f is a fibration.
Next, it is clear that the maps i n and j n are cofibrations, so that every acyclic fibration has the RLP with respect to I ∪ J .
Conversely, suppose that f has the RLP with respect to I ∪ J . By the first part of this proof, we see that f is surjective, with kernel K say. From Remark 13 again we see that Ch(Σ n Z, A) = ker(d : A n → A n−1 ) = Z n A. Using this, the RLP for J translates as follows: given a ∈ Z n A and b ′ ∈ B n+1 with db ′ = f a, there exists a ′ ∈ A n+1 with da ′ = a and f a ′ = b ′ . This easily implies that f * : H * A → H * B is injective. We claim that it is also surjective. To see this, consider a homology class [b * ] ∈ H n+1 B, so db * = 0. As f is surjective, we can choose a * ∈ A n+1 with f a * = b * , and then take a = da * ∈ Z n A. We then have f a = db * = 0 = d0, so we can apply the RLP to the pair (a, 0) to get an element a ′ ∈ A n+1 with da ′ = a and f a ′ = 0. The element a * − a ′ is then a cycle and we have f * [a * − a ′ ] = [b * ] as required. This shows that f is an acyclic fibration.
It is clear that for T = 0 or T = C n Z or T = Σ n Z, the functor Ch(T, −) preserves all filtered colimits, so these objects are small in the strongest possible sense.
Proposition 24. The pushout of any weak equivalence along any cofibration is still a weak equivalence, as is the pullback of any weak equivalence along any fibration. Thus, the model structure is both left and right proper.
